18.434 Pset 5 Due Wed 05/8/2020

Cole Franks

May 1, 2020

Choose at least 2 problems to write up. I recommend solving even the ones you
don’t write up. The hints are there in case you want to follow them, but you may solve
the problems however you like. As usual, you may collaborate, but the writeup should be
in your own words and you should list collaborators and source material.

1. Diameter: We'll use what Kristin proved about iterative methods to show a
bound on the diameter of G in terms of the condition number A, /Ay of its Laplacian.
In particular we will prove the following bound, due to Chung, Faber, Manteuffel: If

G is connected then
. 1 /A,
2

where Ay < --- < )\, denote the eigenvalues of Lg.

Let IT denote the projection to 1+. Recall that in Kristin’s talk we found a polynomial
p such that ||p(L)L — II|| < e (in operator norm) and p is of degree at most

t= (;\/g—l- 1) In(2n).
In words, p is of pretty low degree and p(L) is a good approximation to the (pseudo)
inverse of L.
(a) Show that if deg(p) =t and a, b are at distance at least t + 2 in the graph, then
6T Lp(L)6y, = 0.

Conclude that 67 (Lp(L) — )6, = —1.

(b) Derive a contradiction to ||p(L)L —II|| < € if € < 1/n, thus showing an upper
bound on ¢. Conclude the bound



2. Sparsification: Sparsification refers to the approximation of a graph G by a sparse
graph. Recall that H is said to e-approximate G if

(1 — E)LG <= Lyg= (1 —{—S)Lg.

Recall from Ramya’s talk that it is possible to e-approximate an undirected, weighted
graph G by a weighted graph H with only O(n/s?) edges. This a famous result of
Batson, Spielman, Srivastava and is discussed in Spielman 18. In this exercise, follow-
ing Spielman 19, we’ll get a hint for a slightly weaker bound of O(n/e?logn) edges.
Here’s a rough version of the algorithm:

Algorithm sketch: Suppose wgy, is the weight on (a,b) in L. Let H have edge (a, b),
weighted by wqa p/Pap, With probability pap := wapRem(a, b)e~2; that is, sample (a, b)
with probability proportional to its effective resistance and weight.

(a) Show that E[Ly] = Lg. This part doesn’t depend at all on the definition of
Pa,b-

(b) Critical fact 1: The expected number of edges is (n — 1)/e~2. Prove this.

Spielman modifies the selection probabilities a bit in order to use a Chernoff
bound to conclude that the number of edges is at most O(nlogn/e?).
Hint: You will want to use that Reg(a, b) can be written (6, —8,)7 LE (60 — 6b),
where LE is the Moore penrose pseudoinverse, the rank n — 1 p.s.d matrix
defined by the identity LgLG = II. Here J, denotes the vector with a 1 in the a
coordinate and 0’s elsewhere.

(c) Note that Ly is the sum of independent random matrices, one for each pair of
vertices (a,b). In particular, the i*” random matrix is

X Wa,b/PabLiab) with probability p,p
@b = 0 with probability 1 — p,p

Critical fact 2: The individual X,;’s are bounded by a multiple of Lg.
Namely, with probability 1, X,; = e2Lq. Prove this.

Hint: Use the expression for Reg(a,b) from the previous part and that L, ) =
(60 — 6) (60 — 65)T. See Spielman’s notes for some hints about matrix tricks you
might want to use here. Be careful because I've defined things slightly differently.

To finish the analysis, Spielman uses the first critical fact to conclude that the graph
very likely has few edges. He uses the second fact to conclude that Ly approximates
Lg with high probability. To do this, he uses something called matriz Chernoff
bounds, which say essentially that if a bunch of independent random matrices have



sum equal to Lg in expectation, and individually are not too much larger than Lg,
then their sum is likely to approximate Lg. He does all this more carefully and with
Pa,p modified a bit.

. Maxcut: Remember that the maximum cut in a graph can be written

1
maxcut(G) = max — Z 1 —xzy.

+1}n 2
TS er
A vector relaxation of this quantity is
tm(G) Ly
maxcu = max — — XX
" 1,y ERT |24 ]| =1 2 B

{i,j}€FE

(a) Prove that maxcuts(G) < maxcut;(G) if s < ¢. Conclude that maxcut(G) <
maxcut,, (G) for all m > 1.

(b) Prove that for all m, maxcut,,(G) < maxcut,(G). That is, maxcut,,(G) stops
increasing for m > n.
Hint: consider the n x n positive-semidefinite matrix A;; = x; - x;. Use that
every psd matrix is the Gram matrix of a square matrix B, i.e. there is a
square matrix B such that BBT = A (remind yourself why this is true using
the spectral theorem).



